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ON THE ROLE OF L3 AND H
1
2 NORMS IN HYDRODYNAMICS
LAURENT SCHOEFFEL
Abstract. In this paper, we extend some results proved in previous references for
three-dimensional Navier-Stokes equations. We show that when the norm of the veloc-
ity field is small enough in L3(IR3), then a global smooth solution of the Navier-Stokes
equations is ensured. We show that a similar result holds when the norm of the ve-
locity field is small enough in H
1
2 (IR3). The scale invariance of these two norms is
discussed.
1. Introduction
The incompressible Navier-Stokes equations on the Euclidean space IR3 can be expressed
as
(1.1)
∂
∂t
~v + (~v · ∇)~v = −
1
ρ0
∇P +
η
ρ0
∆~v.
where ~v is a divergence free vector field, with three components (vx, vy, vz) each of which
may be functions of space and time coordinates (x, y, z, t). The three partial differential
equations (1.1) represent the mathematical description of the state of a moving fluid by
relating its velocity field ~v(x, y, z, t) and any two thermodynamic quantities pertaining
to the fluid, for example the pressure P (x, y, z, t)and the mass density ρ(x, y, z, t). The
mass density is constant ρ0 for an incompressible fluid. The positive coefficient η is
called the dynamic viscosity, describing the quality of the fluid, while ν = η
ρ0
is called
the kinematic viscosity. In general the viscosity coefficient is a function of pressure and
temperature of the fluid. As pressure and temperature may not be constant through-
out the fluid, the viscosity coefficient also may not be constant throughout the fluid.
The incompressibility condition reads ∇ · ~v = 0. This last relation is equivalent to
ρ(x, y, z, t) = ρ0. A general introduction to Navier-Stokes equations can be found in [1].
The problem of whether the three-dimensional incompressible Navier-Stokes equations
(1.1) can develop a finite time singularity starting from smooth initial conditions or
if a (unique) global smooth vector field solution exists, which means smooth for all
times, is still unresolved [2, 3, 4, 5, 6]. By smooth functions, we mean functions that
are divergence free, infinitely differentiable, square integrable and with strong decay
properties at infinity. This problem is recognized as one of the Millennium problems
[7, 8].
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The purpose of this paper is to prolong some partial results and arguments that we
have introduced in [1], on the role of Lp(IR3) norms of the velocity field, higher than
L2(IR3) (definitions of these norms are recalled in the next section). More precisely, our
purpose is to show that if ‖~v‖2
L3(IR3)
is small enough, in a sense that will be defined in
the following, then a global smooth solution of the Navier-Stokes equations exists.
2. Definitions and Notations
Let us precise the definitions that we use extensively in the following. The Euclidean
norm (squared) of a vector ~v is written as ‖~v‖2 =
∑3
i=1 |vi|
2, where the sum runs over
indices i = (1, 2, 3) or equivalently (x, y, z). The L2(IR3) norm of a vector field ~v(x, y, z)
is defined as
(2.1) ‖~v‖L2(IR3) =
[∫
IR3
‖~v(x, y, z)‖2dV
]1/2
,
where the integrand is simply the Euclidean norm (squared) of the vector ~v(x, y, z).
In short, a function defined on the Euclidean space IR3 possesses a L2(IR3) norm if it
is square integrable. Obviously, if the vector field is also a function of t, ~v(x, y, z, t),
then the L2(IR3) norm (2.1) becomes also a function of t. Following equation (2.1), the
L2(IR3) of the first gradient of ~v(x, y, z) is given by
‖∇~v‖L2(IR3) =
[∫
IR3
‖∇~v(x, y, z)‖2dV
]1/2
.
In general, the Lp(IR3) norm of a vector field that may depend on t, ~v(x, y, z, t), is
defined as
(2.2) ‖~v‖Lp(IR3)(t) =
[∫
IR3
‖~v(x, y, z, t)‖pdV
]1/p
.
Then, a function f defined on the Euclidean space IR3 possesses a Lp>2(IR3) norm if the
integral of |f |p is defined. This extends the property of square integrable functions to
any exponent p. An interesting property holds for Lp(Ω) norms defined on a subset of
IR3 of finite dimensions. It can be shown that Lq(Ω) with q > p is embedded in Lp(Ω),
or equivalently there exists a constant K independent of the subset Ω such that
‖~v‖Lp(Ω)(t) ≤ K‖~v‖Lq>p(Ω)(t).
This means that higher Lq>p(Ω) norms can control lower ones for bounded subset or
IR3. This can also be formulated as the general property that higher Lq(Ω) norms
have more regularity than smaller ones. In the following we show how to extend this
kind of observation in the context of the incompressible Navier-Stokes equations on the
Euclidean space IR3.
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3. Initial data with small L3 norm
Based on the Navier-Stokes equations and the previous notations, there are two impor-
tant relations that we can derive concerning the L2(IR3) of the velocity field and its first
gradient. They read
1
2
d
dt
‖~v‖2L2(IR3) = −ν
∫
IR3
‖∇~v‖2dV(3.1)
1
2
d
dt
‖∇~v‖2L2(IR3) + ν‖∆~v‖
2
L2(IR3) = −
∫
IR3
∂ivj∂ivk∂kvjdV,(3.2)
where we omit the sum operator for repeated indices. A complete proof of equations
(3.2) and (3.2) can be found in [1]. They are essential for addressing the Millennium
problem in the following sense: (i) equation (3.2) implies that ‖~v‖2
L2(IR3)
(t) is bounded
up at all times once ‖~v‖2
L2(IR3)
(t = 0) is finite; (ii) for some cases, equation (3.2) implies
that ‖∇~v‖2
L2(IR3)
(t) is bounded up at all times [1]. Therefore, once this is ensured that
the L2(IR3) norms of the velocity field and its first gradient (in some cases) are bounded
up at all times, then a global smooth solutions of the Navier-Stokes equations exists
[2, 3]. In [1] we have discussed some particular cases for which the L2(IR3) norm of the
first gradient of the velocity field is defined. All those cases depend obviously on how
we can bound up the integral
∫
IR3
∂ivj∂ivk∂kvjdV . Let us remind the trivial case of the
two-dimensional Euclidean space where this integral is zero. This proves immediately
that the first gradient of the velocity field possesses a L2(IR2) norm and therefore, the
existence of a global solution to Navier-Stokes equations on IR2.
In this paper, we want to show that if ‖~v‖2
L3(IR3)
is small enough, in a sense that needs
to be defined precisely, then a global smooth solution of the Navier-Stokes equations
exists. First, we prove the following lemma.
Lemma 3.1. For solutions of Navier-Stokes equations, with smooth initial conditions,
there exists a positive constant C such that
(3.3)
1
2
d
dt
‖∇~v‖2L2(IR3) + ν‖∆~v‖
2
L2(IR3) ≤ C ‖~v‖L3(IR3)‖∆~v‖
2
L2(IR3)
Proof. To prove this lemma, we need bound up the right hand side of equation (3.2).
First, by integration by parts and using the incompressibility condition ∂ivi = 0, we can
write ∫
IR3
∂ivj∂ivk∂kvjdV =
∫
IR3
vj∂
2
i vk∂kvjdV.
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Then, we can bound each gradient by its Euclidean length and apply the the Holder’s
identity. We obtain
(3.4) −
∫
IR3
∂ivj∂ivk∂kvjdV ≤ ‖~v‖L3(IR3)‖∇~v‖L6(IR3)‖∆~v‖L2(IR3).
We need to deal with the term in ‖∇~v‖L6(IR3). Ideally, we would like to express it in
term of a smaller Lp(IR3) norm. This can be achieved by using a general Sobolev’s
inequality on IR3:
‖u‖L3p/(3−p)(IR3) ≤ C(p) ‖∇u‖Lp(IR3),
verified for a function u defined on IR3 such that the above integrals exist and where
C(p) is a constant depending only on p. We apply this inequality for p = 2 with u being
the first gradient of the velocity field. We get
(3.5) ‖∇~v‖L6(IR3) ≤ C ‖∆~v‖L2(IR3),
Where C is a constant that does not depend on the velocity field. Finally, combining
equations (3.4) and (3.5), we obtain
−
∫
IR3
∂ivj∂ivk∂kvjdV ≤ C‖~v‖L3(IR3)‖∆~v‖
2
L2(IR3),
which completes the proof. 
Let us rewrite equation (3.3) as
(3.6)
d
dt
‖∇~v‖2L2(IR3) +
(
2ν − 2C‖~v‖L3(IR3)
)
‖∆~v‖2L2(IR3) ≤ 0.
The last step is to use the Poincare´’s inequality
‖∆~v‖2L2(IR3) ≥ K‖∇~v‖
2
L2(IR3),
where K is a positive constant. Therefore, if the norm of the velocity field in L3(IR3)
verifies the condition ‖~v‖L3(IR3) ≤ ν/C, then we obtain
d
dt
‖∇~v‖2L2(IR3) +K
(
2ν − 2C‖~v‖L3(IR3)
)
‖∇~v‖2L2(IR3) ≤ 0.
This proves that ‖∇~v‖2
L2(IR3)
(t) exists at all times and consequently a global solution to
Navier-Stokes equations exists also.
In summary, when the norm of the velocity field is small enough in L3(IR3) at initial
time, ‖~v‖2
L3(IR3)
≤ ν/C, then a global smooth solution of the Navier-Stokes equations
exists. In [1], we have discussed the case where the L4(IR3) norm of the velocity field is
bounded up, from which the existence of global smooth solutions can be deduced. The
result of this paper is stronger in the sense that we have proved the result for a smaller
norm.
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4. L3 norm and scale invariance
A key property of the Navier-Stokes equations is that they are invariant under the scale
transformation [1]
~vλ(~x, t) = λ~v(λ~x, λ
2t)(4.1)
Pλ(~x, t) = λ
2P (λ~x, λ2t).(4.2)
This means that if the velocity field ~v(x, y, z, t) is a solution of the equations, then the
velocity field ~vλ(x, y, z, t) is another acceptable solution (by construction). We can think
of this transformation, with λ≫ 1, as taking the fine scale behavior of the velocity field
~v(x, y, z, t)and matching it with an identical (but rescaled and slowed down) coarse scale
behavior ~v1/λ(x, y, z, t).
Interestingly, we can observe how different Lp(IR3) norms of the velocity field are trans-
formed by this scale transformation
‖~v1/λ‖
2
L2(IR3) = λ‖~v‖
2
L2(IR3)(4.3)
‖~v1/λ‖
3
L3(IR3) = ‖~v‖
3
L3(IR3)(4.4)
‖~v1/λ‖
4
L4(IR3) =
1
λ
‖~v‖4L4(IR3),(4.5)
which can be continued trivially for any Lp(IR3) norms. The important feature of the
L3(IR3) norm of the velocity field is that it is scale invariant. Hence, a bound on the
L3(IR3) norm of the velocity field is invariant for ~v1/λ when the parameter λ is increased.
We have shown in the previous section that if this norm is small enough, no blow up
can occur by shifting the solution of Navier-Stokes equations to smaller scales. This
is consistent with the mathematical property of the scale invariance of this particular
L3(IR3) norm.
Let us conclude by remarking that the same property of scale invariance holds for the
norm of the velocity field defined in the Sobolev’s set H
1
2 . The H
1
2 norm of a function
defined on the real space IR can be expressed as
‖u‖2
H
1
2
=
∫
IR
[
1 + |ξ|2
]1/2
|u¯(ξ)|2dξ,
where u¯ is the Fourier transform of the function u. In IR3 the generalization is trivial.
As the scale invariance holds for the H
1
2 (IR3) norm of the velocity field, we also have
the property: if the norm of the velocity field is small enough in H
1
2 (IR3) at initial time,
then a global smooth solution of the Navier-Stokes equations exists.
6 LAURENT SCHOEFFEL
References
[1] M. Dyndal and L. Schoeffel, Some open questions in hydrodynamics, arXiv:1409.2336 [hep-ph].
[2] Teman R., Navier-Stokes Equations, Elsevier, Amsterdam (1984).
[3] Temam R., Infinite-Dimensional Dynamical Systems in Mechanics and Physics, Springer Verlag,
New York, (1988).
[4] Constantin P. and Foias C., Navier-Stokes Equations, The University of Chicago Press, Chicago
and London (1988).
[5] Doering CR. and Gibbon JD., Applied analysis of the Navier-Stokes equations, Cambridge texts
in applied mathematics, Cambridge (1995).
[6] Majda AJ. and Bertozzi AL., Vorticity and Incompressible Flow, Cambridge University Press,
Cambridge (2002).
[7] Ladyzhenskaya OA., Russian Math. Surveys 58:251 (2001).
[8] Fefferman C., Existence and smoothness of the Navier-Stokes equation. The millennium prize
problems, Clay Math. Inst., Cambridge, MA, (2006).
CEA Saclay, Irfu/SPP, Gif-sur-Yvette, France
E-mail address : laurent.olivier.schoeffel@cern.ch
